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Abstract 

Q_ 

q , In three and two dimensions the asymptotic symmetry groups of AdS 

■ spaces are infinite dimensional. This can be explained easily by noting the 

relations AdS 3 ~ SL(2) and AdS 2 ~ SL(2)/SO{2), i.e. that the asymp- 
totic symmetries are in fact that of the Lie group SL(2). As show in the 
author's previous work, similar infinite dimensional asymptotic symmetry 
groups can be found in the case of SL(3) and probably also for other 
noncompact Lie groups and their homogeneous spaces. The purpose of 
the present work is to revisit the AdS 3 space in detail from the Lie group 
0-4 point of view by finding the boundary theory energy-momentum tensor 

and to prepare to tackle the SL(3) and SL(N) cases. 
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1 Introduction 



The anti de-Sitter space in dimension d + 1 can be defined as the homogeneous 
space SO(2,d)/SO(2,d — 1) with an isometry group SO(2, c00 In the low di- 
mensional special cases the asymptotic symmetry groups (which preserve the 
asymptotically AdS structure) can be shown to be the Virasoro algebra in d = 1 
and two copies of the Virasoro algebras in d = 2, corresponding to boundary 
conformal transformations pQ. For d > 2 the asymptotic symmetries form a fi- 
nite dimensional Lie algebra, which is isomorphic to so(2, d). 

The anti de-Sitter space in three dimensions is particularly interesting. It 
was shown in [1] that an asymptotically AdS% gravity is dual to a two dimen- 
sional conformal field theory on the boundary of the AdS space, which can 
be seen as an explicit manifestation of the holographic principle. It was later 
shown that this dual CFT is the 2D Liouville theory (see e.g. [5]). It should be 
pointed out that these dualities do not require any sort of AdS/CFT prescrip- 
tion between bulk and boundary fields but occur quite naturally. In fact, it is 
possible to find explicitly the boundary CFT's energy-momentum tensor from 
the near horizon AdS metric (see e.g. [5]), as will be show also in this work. The 
construction depends crucially on the infinite dimensionality of the asymptotic 
symmetry algebra. It is therefore not surprising that similar dualities cannot be 
found for the higher dimensional AdS spaces, since their asymptotic symmetry 
algebras are too small. 

It is instructive to investigate the low dimensional spaces in greater detail 
by noting the isomorphisms 50(1,2) ~ SL{2) and SO(2,2) ~ SL{2) x SL{2). 
Then AdS 2 ^ SL(2)/SO(2) and AdS 3 ~ SL(2). The isometry groups can be 
understood as the Lie group SL(2) acting on the left coset from the left in the 
case of AdS 2 and acting on the Lie group itself both from the left and right in 
the AdS% case. It is therefore evident that the infinite dimensional asymptotic 
symmetry algebras are strongly connected to the Lie group SL(2). For d > 2 
no such relations to the special linear groups exist. 

It is now tempting to ask whether such infinite dimensional asymptotic sym- 
metries can occur in the case of other special linear Lie groups and their homo- 
geneous spaces. Indeed, it was shown in [3] that the asymptotic symmetries of 
the five dimensional homogeneous (symmetric) space SL(3)/ SO(3) do form an 
infinite dimensional Lie algebra. However, the analysis in that work was more 
of a brute force approach and only to leading order (at the boundary). To be 
able to find the energy-momentum tensor, the analysis must be extended to sub- 
leading orders (near boundary). This poses technical challenges that the naive 
approach of the aforementioned work will not be able to handle. The purpose of 
the present work is to present tools that will ease the work in the more difficult 
cases (particularly SL(3)) and to review the AdS^ case using these tools. 

1 Every Lie group is here assumed to be defined over the field of real numbers. 



2 



2 Asymptotic symmetries of SL{2) 



The formalism below applies in a more general setting than just SL(2), but for 
the sake of a more gentle introduction, facts about SL(2) and its Lie algebra are 
presented on the side. While all of the explicit results have already been know for 
quite some time, the reader is urged to keep in mind the possible generalization 
to e.g. SL(3). Another key aspect is that the group theoretic formalism is 
more elegant and reveals some intricacies that are not easily observed in an 
approach where one simply tries to find asymptotic symmetries of a given metric 
or its "fall-off conditions" (which in this formalism are seen to be artificial and 
unnecessary artefacts) . 

2.1 The Lie algebra and Lie group 

The Lie algebra sZ(2;R) will be defined here for simplicity as the 2*2 traceless 
matrices 

xi= K° o) ,x2= l{o O'^K- 1 o)' (i) 

which satisfy the commutation relations 

[Xi,Xj] = e'ij k X k (2) 

with 1 = e'i 2 3 = — e'23 1 = — e'3i 2 - This is actually the Lie algebra so(2, 1), 
which however is isomorphic to si (2). We also define the fiat metric and the 
inner product with the help of the Killing form as 

r ]ij = 2Tr(X i X j ) = {X i ,X j ). (3) 

then rj is simply the Minkowskian metric 

h 0\ 

n = 1 . (4) 
\o -1) 

It can be used to raise and lower indices, which results in particular that the 
permutation symbol is expressed as Cijk = e'ij r]ik- 

The elements in the Lie group will be defined in terms of the Euler angle 
parametrization, explicitly 

. _ ux,rx 2e vx a _ r/2 ( - sin f f ) sin (§) cos (f ] sin (I) \ 

5 \ -cos(f)sin(f) cos (f) cos (f) ) W 



. -r/2/ cos (f) cos m cos (|) sin (|) 
- cos (f) sin ff) -sinff)sin(f) 



(6) 



2.2 Maurer-Cartan forms and geometry 

The Lie algebra valued Maurer-Cartan (MC) forms arc defined as VL g = ,g _1 dg = 
Xi ® fi l and fi s = dgg^ 1 = Xi ® St, respectively. Their one-form components 



are 



il 1 = — sin(t> )dr + cos(z;) sinh(r)du 

VL 2 = cos(u)dr + sin(u) sinh(r)du (7) 
= cosh(r)dw + dv 
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and 



il = sin(u)dr — cos(u) sinh(r)dt> 

tt2 



il = cos(u)dr + sin(u) sinh(r)di> 
du + cosh(r)dt> 



(8) 



Tf 



They will both naturally satisfy the Maurer-Cartan equations for a flat connec- 
tion, 

dn + QAQ = 0. (9) 

The inner product ([3]) can be used to define the metric on the Lie group SL(2; R) 
as 



ds 2 = (n g> n g ) ee (n g ,n g ) 

= dr 2 - du 2 — dv 2 — 2dudv cosh(r). 
This is of course just the metric on AdS 3 . 

2.3 Vector fields on SL(2) 

Denote the left and right actions on G in the usual way as 

[L g ,:G^G,L g ,{g)=g'g 
\ R g ,:G^G,R g ,(g)=gg'. 



(10) 
(11) 



(12) 



The left and right invariant vector fields acting on g € SL{2) are defined as 



tX 



gX = L g (X) 



9 e ~ y — 
e=0 



(13) 



for X G sl(2), where the "hat" is used to refer to a differential operator and 
similarly for the right invariant vector field^ Then for example 



X 3 (g) = e uX *e rX2 e vX *X 3 =d v g 



(14) 



and similarly in the other cases. The vector fields read explicitly 



. , . cos(u) . . . . _ 

sm{v)o r + . o u — cos(d) coth(r)a„ 



sinh(r) 
^ sinttM 

X 2 = cos(v)d r H — , d M — sin(w) coth(r)d„ 



(15) 



sinh(r) 



I X 3 = d v 



and 



Xi = shi(u)d r + cos(m) coth(r)<9„ — ^ , d v 

smh(r) 

X 2 — cos(u)d r — sin(u) coth(r)<9„ + S "^^ N d v 



sinh(r) 



(16) 



, X 3 — du 



2 E.g. the statement of left invariancc means simply (L g r)„X(g) = g'gX = X(g'g). 
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The MC forms are dual to the vector fields, i.e. f2 l (Xj) = <$*■. The left invariant 
vector fields satisfy the original commutation relations while the right invariant 
ones satisfy the negative of the original relations. 

2.4 Isometries and gauge transformations 

Suppose w is a point in G = SL(2), A gauge transformation g' e SL(2), 
depending on the point u>, transforms the MC forms as 

| % = (L g ,-i)* n g = n g , g = g- l n g , g + n g 

[flg = {Lg-l)* fig = flg'g = g'flgg'^ 1 + fig' 

and similarly for the right actions. For a constant g 1 we have fl g = flg = 
which results in fl g being invariant with respect to the transformation and 

fl g = g'flgg'^ 1 . Both of these transformations are isometries of the metric (fTTj) 
due to the definition ([3]) of the inner product. The isometries are naturally 
generated by the vector fields (|15[) and respectively by (fTB| for the right action. 
When g' « 1 + ■ X with infinitesimally small, the change in the MC 
forms is 

f Sflg = dCAdg-! (Xi) = X.Ad;-, (df) 

where the adjoint action notations Ad s (X) = gXg^ 1 and adx (Y) = [X, Y] 
were used and the co-adjoint action Ad* was defined. The vector field cor- 
responding to the above gauge transformation is then just £ l A^. Under the 
infinitesimal transformation Sfl g in (fT5)) . the metric transforms as 

S (ds 2 ) = 2fl i i lij Ad* g - 1 (df ) . (19) 

2.5 Asymptotic symmetries 

A symmetry in the present context refers to a (gauge) transformation that leaves 
the metric invariant, i.e. an isometry. An asymptotic symmetry refers to a gauge 
transformation that leaves the metric asymptotically invariant at the boundary, 
here in the limit r — 5- oo. In addition we demand that the corresponding vector 
fields tend to a finite limit on the boundary. Once such an asymptotic symmetry 
has been found, one can use the above formulae to find e.g. fl g by integrating 
the orbits, which is then a general expression for an asymptotically A0IS3 gauge 
field. The asymptotic symmetries are naturally also symmetries of this gauge 
field. 

The equation for an asymptotic symmetry can now be expressed concisely 

as 

Ad;_ l (dT)~0, V», (20) 

where the "~" sign means "asymptotically as zero as possible" (and will be 
more specifically defined below). The matrix Ad g -i can be obtained easily by 
e.g. computing g~ l Xig, resulting in 

Ad g -i = e r A 1 +A + e-M-i, (21) 
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with 



^ ; cos u cos v — sin U COS V COS w 
Ai = - I cos u sin v — sin u sin w sinw | , (22) 
cos u — sin u 1 



2 



- sin u sin w — cos u sin w 
Aq = | sin u cos v cos w cos v ] (23) 




and 



cos u cos v — sin u cos w — cos w 



A_i = i | cosusinw — sinusinu — sinu | . (24) 
— cos u sin u 1 
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Since Ad g -i is in the adjoint representation of SL(2), we have det (Ad g -i) = 1 
and the only solution to the equation Ad*-i (d£ 4 ) = is the trivial one, d£ = 0. 
This is no longer true in the asymptotic case, r — > oo. By ignoring the <~ e _r 
term and employing the ansatz d£ = d£(u,v), one obtains the equations 

f A 1 ■ d£ = 

U-dl-a (25) 

All of the matrices Ai have rank 1, so there will be one free parameter in the 
solution, indeed 

(— cos u\ 
smu dw(u, v) (26) 
1 / 

for an arbitrary function w(u,v). By writing out the differentials one infers that 
d v w — and by denoting w(u) = a(u) + a"(u) the solution can be written 

(—a' (u) sin u — a" (u) cos u\ 
— a'(u) cosu + a"(u) sinu I , (27) 
a(u)+a"(u) J 

which results in the vector field 

V = CXi = -a'(u)d r + a(u)d u + 2 e - r a"(u)d v . (28) 
Expansion in e.g. a basis a(u) = u n+1 would produce the Witt algebra. 

The orbits of the above vector fields, parametrized by s and by denoting 
u = u(l) and a{u) = a(u)e v ^ u \ result in the finite transformations (up to order 

' u - fdu'e^ u "> 

< r = r - ip(u) (29) 
^v = v + 2e~ r ip'(u). 
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2.6 Asymptotically AdS$ metrics and Energy-momentum 
tensor 



Denoting g = e 3 e 2 e v 3 , we have 



(30) 



with 



fi 1 = fi 1 + e- r ( 2cos V (u)dr + - cosv \2ip\u) 2 - e 2ip{u) + 1 



n 2 = n 



2 ' e- r 



2 sinvip' (u)dr + — sinu 



fi 3 = fi 3 + e - r ( 2(p'(u)dr + - [V(u) + e 2 ^ u > - 1 



to order ~ e r . The corresponding metric is 

ds 5 = 2Tr (fig • fig) = ds 2 + T(w)dt 



2^'(u) 2 - e 2 ^ + 1 
du 



du 
du 



(31) 



where 



T(u) = -2<p"(u) + ip'(u) 2 - e 2ipi - u) + 1 



(32) 



(33) 



can be recognized as the holomorphic/ left moving component of the energy- 
momentum tensor of the two dimensional Liouville conformal field theory [5]. A 
corresponding result can be obtained with right actions. 



3 Concluding remarks 

While the results of the above analysis are not new, the Lie group theoretic tech- 
niques by which they were obtained are. Two features of the technique deserve 
special comment. Firstly, the equations (f2"0")) to be solved are much simpler than 
the asymptotic Killing equations. Secondly, demanding fall-off conditions of an 
asymptotically AdS^ metric is not necessary. The correct asymptotic fall-off 
is here built into the asymptotic geometry of the Lie group. Furthermore, the 
idea is of course to apply these techniques in the cases SL(N) with N > 2 and 
the corresponding symmetric spaces. Indeed, it has already been shown in [4 
that an infinite number of asymptotic symmetries exists on the boundaries of 
the symmetric space SL(3)/SO(3), but the analysis did not extend beyond the 
leading order, and therefore no "anomaly" similar to as in eq. (13"2l was obtained. 
The reason for this is simply that the metric approach is too cumbersome and 
will lead to obscure and very difficult equations to be solved. The purpose of the 
present analysis is to enable the discovery of next to leading order asymptotic 
symmetries and to find the corresponding anomaly term. 
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